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ON THE STRONGLY AMBIGUOUS CLASSES OF SOME 
BIQUADRATIC NUMBER FIELDS 

ABDELMALEK AZIZI, ABDELKADER ZEKHNINI, AND MOHAMMED TAOUS 


Abstract. We study the capitulation of ideal classes in an infinite family of 
imaginary bicyclic biquadratic number fields consisting of fields Ik = Q{^/2pq, i), 
where i = \/—l and p = —q = 1 (mod 4) are different primes. For each of the 
three quadratic extensions K/k inside the absolute genus field k^*^ of k, we 
compute the capitulation kernel of K/k. Then we deduce that each strongly 
ambiguous class of k/Q(i) capitulates already in k^*\ which is smaller than 
the relative genus field (k/Q(i))*. 


1. Introduction 

Let k be an algebraic number field and let Cl 2 {k) denote its 2-class group, that 
is the 2-Sylow subgroup of the ideal class group, Cl{k), of k. We denote by k^*'^ 
the absolute genus field of k. Suppose E is a hnite extension of k, then we say 
that an ideal class of k capitulates in F if it is in the kernel of the homomorphism 

Jf : Cl{k) Cl{F) 

induced by extension of ideals from k to F. An important problem in Number 
Theory is to determine explicitly the kernel of Jp, which is usually called the 
capitulation kernel. If F is the relative genus field of a cyclic extension K/k, 
which we denote by {K/k)* and that is the maximal unramified extension of K 
which is obtained by composing K and an abelian extension over k, F. Terada 
states in m that all the ambiguous ideal classes of K/k, which are classes of K 
fixed under any element of Gal{K/k), capitulate in {K/k)*. If F is the absolute 
genus field of an abelian extension A/Q, then H. Furuya confirms in [13] that every 
strongly ambiguous class of A/Q, that is an ambiguous ideal class containing at 
least one ideal invariant under any element of Gal{K/Q), capitulates in A. In 
this paper, we construct a family of number fields k for which Cl 2 {k) ~ (2,2,2) 
and all the strongly ambiguous classes of k/Q{i) capitulate in k^*') ^ {k/Q{i))*. 

Let p and q be different primes, Ik = Q{^/2pq, i) and K be an unramihed 
quadratic extension of Ik that is abelian over Q. Denote by Ams(Ik/Q(f)) the 
group of the strongly ambiguous classes of Ik/Q(f). In [T], the hrst author has 
studied the capitulation problem in K/Ik assuming p = —q = 1 (mod 4) and 
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C/ 2 (Ik) — (2,2). On the other hand, in [6], we have dealt with the same problem 
assuming p = q = l (mod 4), and in [7] , we have studied the capitulation problem 
of the 2-ideal classes of Ik in its fourteen unramified extensions, within the first 
Hilbert 2-class field of k, assuming p = q = 5 (mod 8). It is the purpose of 
the present article to pursue this research project further for all types of C/ 2 (Ik), 
assuming p = —q^ 1 (mod 4), we compute the capitulation kernel of K/k and 
we deduce that Ams(k/Q(i)) C kerJ^(,). As an application we will determine 
these kernels when CZ 2 (k) is of type (2,2,2). 

Let k he a number field, during this paper, we adopt the following notations: 

• p = —q = 1 (mod 4) are different primes. 

• k: denotes the field Q{y/2pq, y/—l). 

• KK- the capitulation kernel of an unramified extension K/h. 

• Ok- the ring of integers of k. 

• Ek'. the unit group of Ok- 

• Wk- the group of roots of unity contained in k- 

• F.S.U : the fundamental system of units. 

• k~^: the maximal real subfield of k, if it is a CM-field. 

• Qk = [Ek ■ hVkEk+] is Hasse’s unit index, if A: is a CM-field. 

• Q{k/Q) = [Ek '- Y^i=iEki] is the unit index of A:, if k is multiquadratic, 
where ki, ..., ks are the quadratic subfields of k- 

• k^*^: the absolute genus field of k- 

• Cl 2 {k): the 2-class group of k. 

• i = 

• em- the fundamental unit of if m > 1 is a square-free integer. 

• N(a): denotes the absolute norm of a number a i.e. Nk/qia), where 
k = Q(^/a). 

• X Ey means x + y or x — y for some numbers x and y. 


2. Preliminary results 

Let us first collect some results that will be useful in what follows. 

Let kj, 1 < j < 3, be the three real quadratic subfields of a biquadratic bi- 
cyclic real number field Kq and ej > 1 be the fundamental unit of kj. Since 
«^^a'o/q(«) = nj=i NKg/kj^ct) for any a £ Kq, the square of any unit of Kq 
is in the group generated by the e^-’s, 1 < j < 3. Hence, to determine a sys¬ 
tem of fundamental units of Kq it suffices to determine which of the units in 
B ■-= {ei,€ 2 ,e 3 ,eie 2 ,eie 3 ,€ 2 e 3 ,eie 2 e 3 } are squares in Kq (see [H] or [T9]). Put 
K = A'o(*)) then to determine a F.S.U of iL, we will use the following result (see 
[21 p.l8]) that the first author has deduced from a theorem of Hasse [m §21, Satz 
15]. 
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Lemma 2.1. Let n>2 be an integer and o, 2'^-th primitive root of unity, then 

fn ~ 'L ^ni): where fin — \/2 -|- fin—li ■^n ~ \/2 fin— 1 , 

//2 = 0, A 2 = 2 and //g = A 3 = V2. 

Let no be the greatest integer such that f^no is contained in K, {e'g, e^-, £ 3 } a F.S.U 
of Kq and e a unit of Kq such that (2+ //„(,)e is a square in Kq {if it exists). Then 
a F.S.U of K is one of the following systems: 

(1) {ei,e 2 U 3 } if ^ does not exist, 

( 2 ) {e'i,e' 2 , ■\/ino e} if ^ exists; in this case e = ei*^e 2 *^ 4 j ^^dere i\, ^2 G { 0 , 1 } (up 
to a permutation). 

Lemma 2.2 ([T], Lemma 5). Let d > 1 be a square-free integer and = x-\-yy/d, 
where x, y are integers or semi-integers. If N{ed) = 1, then 2{x + 1 ), 2{x — 1 ), 
2d{x + 1) and 2d{x — 1) are not squares in Q. 

Lemma 2.3 ([T], Lemma 6). Let q = —1 (mod 4) be a prime and Cq = x -\- y^/q 
be the fundamental unit of Q{y/q). Then x is an even integer, x zb 1 is a square 
in M and 2eq is a square in Q{^/q). 

Lemma 2.4 ([T], Lemma 7). Let p be an odd prime and e 2 p = x ?/\/2p. If 
II{^ 2 p) = 1, then X zb 1 is a square in IN and 2e2p is a square in Q{y/2p). 

Lemma 2.5 ([2], 3.(1) p.l9). Let d > 2 be a square-free integer and k = Q('/d,i), 
put erf = X + yVd. 

(1) If N{ed) = —1, then {erf} is a F.S.U of k. 

( 2 ) If N{ed) = 1, then {y/tefi} is a F.S.U of k if and only if x hi is a square 
in IN i.e. 2erf is a square in Q(\/d). Else {erf} is a F.S.U of k {this result is 
also in 120]). 


3 . F.S.U OF SOME CM-FIELDS 

As Ik = Q{^/2pq, i), so Ik admits three unramified quadratic extensions that 
are abelian over Q, which are Ki = Ik(^/p) = Q(y^, \/2g, i), IK 2 = Ik(y^) = 
Q(v^, y/2p, i) and IK 3 = Ik(A/2) = Q(a/2, i). Put e 2 pq = x + yy/2pq, the first 

author has given in [1] the F.S.U’s of these three fields, if 2e2pq is not a square in 
L^{yJ2pq) i.e. x + 1 and x — 1 are not squares in IN. In what follows, we determine 
the F.S.U’s of IKj, 1 < i < 3, in all cases. 

3.1. F.S.U of the field Ki. Let Ki = Ik(^/p) = Q(y^,-^/2g, i). 

Proposition 3.1. Keep the previous notations, then Qki = 2 and just one of the 
following two cases holds: 

(1) //xzbl orp{xhl) is a square inlN, then {ep,e 2 q, y/effefjjj') is a F.S.U of 

and that of Ki is {cp, . 

(2) If 2p{x h 1) is a square in IN, then {cp, e 2 q, y/C 2 pq} is a F.S.U of Kf and 

that of Ki is {ep, . 
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Proof. As p = 1 (mod 4), then ep is not a square in K]*"; but e 2 pq and e 2 q(- 2 pq 
can be. Moreover, according to Lemma 12.41 2e2q is a square in Q(-^/2g). On the 
other hand, we know that N{e 2 pq) = 1, then (x ± l)(x =F 1) = ‘^PQV^- Hence, by 
Lemma 12.21 and according to the decomposition uniqueness in Z, there are three 
possibilities: x ± 1 or p{x ± 1 ) or 2 p(x zb 1 ) is a square in W, the only remaining 
case is the first one. If x zb 1 is a square in IN (for the other cases see [T]), then, 
by Lemma 12.51 2e2pq is a square in Ki. Consequently, y/e 2 q^ 2 pq G IKi"; hence 
{cp, e 2 g, y/e 2 q^ 2 pq] IS a F.S.U of and since 2e2q is a square in so Lemma 
12.II yields that {ep, y/ie 2 q, y/^ 2 q^ 2 pq{ is a F.S.U of Ki. Thus Qki =2. □ 

3.2. F.S.U of the field IK 2 . Let K 2 = = Q{y/q, 

Proposition 3.2. Keep the previous notations, then = 2. 

(1) Assume that N{e 2 p) = 1. Then just one of the following two cases holds. 

(i) Ifx±l or2p{x±l) is a square inN, t/ien 

is a F.S.U of K 2 and that of K 2 is ■^ie 2 p, a/ ie 2 pq } • 

(ii) //p(xzbl) is a square in, then {eg, y/eqe 2 p, y/e 2 pq} is a F.S.U o/IK^ 
and that of K 2 is {^/^, y/ie 2 p, y/effij}. 

( 2 ) Assume that N{e 2 p) = — 1. Then just one of the following two cases holds. 

(i) If X PI or 2p{x zb 1) IS a square in IN, then {cg, e 2 p, ^/ef^e^{ is a 
F.S.U of K 2 and that of K 2 is {^/^,e 2 p, y/ejjefjfj] ■ 

(ii) If p{x ± 1) is a square in IN, then {eq,e 2 p, is a F.S.U 0 / 

and that of K 2 is {y^, e 2 p, y/e 2 pq} ■ 

Proof. According to Lemma 12.51 if x zb 1 is a square in M, then 2e2pq is a square 
in Q{y/2pq). Moreover, Lemma implies that 2eq is also a square in Q{y/q). 

(1) If N{e 2 p) = 1, then Lemma [2.41 yields that 2 e 2 p is a square in Q{^/2p), 
thus e 2 pe 2 pq, eqe 2 pq and eqe 2 p are squares in this gives the F.S.U of 

, and that of IK 2 is deduced by Lemma 12.11 

(2) If N{e 2 p) = —1, then eqe 2 pq is a square in this gives the F.S.U of 
and that of IK .2 is deduced by Lemma 12.11 

For the other cases see [T]. □ 

3.3. F.S.U of the field 1 ^ 3 . Let K 3 = ]k(\/2) = <Q{^/2, y/pq,i). 

Proposition 3.3. Put Cpq = a + by/pq, where a and b are in Z. 

(1) If both 0 / X zb 1 and a zb 1 are squares in M, then 

(i) If Qks = 1, then {e 2 , y/(-2pq] is a F.S.U of both and IK 3 . 

(ii) If Qks = 2 , then {e 2 , y/e^, y/eff^^ is a F.S.U o/Kg" and that 0 /K 3 is 

{^ 2 , y/Pn^ where f, is an 8-th root of unity. 

(2) // X zb 1 is a square in IN and a + 1, a — 1 are not, then {e 2 ,epq, y/e 2 pq} is 
a F.S.U of both and Ks; hence Qks = 1- 
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(3) If a±l is a square in M and x + 1, x — 1 are not, then {e 2 , ^ 2 pq, ^/^} is 
a F.S.U of both Kjj" and Ks; hence Qks = 1- 

(4) If x + 1, x — 1, a + 1 and a — 1 are not squares in IN, then |e 2 , Cpq, 
is a F.S.U of both and Ks; hence Qucg = 1- 

Before proving this proposition, we quote the following result. 

Remark 3.4. Keep the notations and hypotheses of the Proposition 13.31 

(1) if at most one of the numbers x + 1, x — 1, o + l and a — 1 is a square in IN, 
then according to [U Remarque 13, p. 391 ], and K 3 have the same F.S.U. 

(2) From |16l Theorem 2, p. 348 ], if both of x ± 1 and a ± 1 are squares in M, 
then the unit index of Ks is 1 or 2 . 


Proof. We know that N{e2) = —1 and N{epq) = N{e2pq) = 1 . Moreover, (2 + 
\f^)^ 2 ^pq^ 2 pq cannot be a square in for all i, j and k of {0,1}; as otherwise 
with some a G IKjj" we would have = (2 + V^)e24>g^2pq^ so (-%j+ /Q(^/^)(“))^ ~ 

2(-i)*€pi yielding that \/±2 G Q{^/pq), which is absurd. 

As — 1 = pqb"^, so by Lemma [ 2 . 2 l and according to the decomposition unique¬ 
ness in Z, there are three possible cases: a± 1 or p(a± 1) or 2p(a± 1) is a square 
in IN. 


(a) If a ± 1 is a square in IN, then there exist bi and 62 in IN with b = 6162 such 

a ^ 1 = ^pqbl, + 62^2^) e 1^3 • 

(b) If p(a± 1 ) is a square in IN, then there exist 61 and 62 in IN with b = 6162 such 


that 


that 


a ± 1 = pbf, 
a=F 1 = qbl, 


hence 




— h{bi^/2p b2^/^) 0 , 


y/pepq G and y/qf-pq G IKj^. 


(c) If 2 p{a ± 1 ) is a square in IN, then there exist 61 and 62 in IN with b = 6162 


such that 


a ± 1 = 2 pbi, 
a =F 1 = 2g6| 


hence 




= biy/p + b 2 y/q 0 


^3 > 


y/pepq G Kg' and y/Wn ^ 


Similarly, we get: 

(a’) If X ± 1 is a square in IN, then y/e2pq G 

(b’) Ifp(x±l) is a square in IN, then y/eff^ 0 y/pef^ G and y/qe2pq S IK.^- 

(c’) If 2 p(x±l) is a square in IN, then y/e2pq 0 y/P^2pq £ and y/qefpq S 

Consequently, we find: 

( 1 ) If a ± 1 and x ± 1 are squares in IN, then {e2, y/^, y/^2pq } is a F.S.U of . 

(i) If Qks = 1 , then {e2, y/^, ^/^^} is also a F.S.U of IK3. 

(ii) If Qks = 2 , then, according to [H], ]K^(a /2 -h a/ 2 ) = {y/y/effe^), 

so there exist a G such that 2 -|- y /2 = This implies 

that (2 -I- V^)y/(-pq(-2pq is a square in K.^. Hence Lemma [ 2 T] yields that 
{^2, yf^-n^ i® ^ F.S.U of K3, where is an 8*^ root of unity. 

( 2 ) If X ± 1 is a square in IN and a -|- 1 , a — 1 are not, then |e2, Cpq, y/^2pq } is a 
F.S.U of and, by Remark 13.41 of K3. 
























6 


ABDELMALEK AZIZI, ABDELKADER ZEKHNINI, AND MOHAMMED TAOUS 


(3) If o ± 1 is a square in IN and x + 1, x — 1 are not, then {e 2 ,e 2 pq, y/^} is a 
F.S.U of Kjj" and, by Eemark 13.41 of K 3 . 

(4) If X + 1, x — 1, a + 1 and a — 1 are not squares in IN, then |e 2 , tpq-, y/^pq^ 2 pq] 
is a F.S.U of Kg’ and, by Remark 13.41 of K 3 . 

□ 


4. The ambiguous classes of ]k/Q(i) 

Let F = Q(z) and k = Q(-^2pg, i). We denote by Am(k/F) the group of the 
ambiguous classes of k/F and by Ams(k/F) the subgroup of Am(k/F) generated 
by the strongly ambiguous classes. As p = I (mod 4), so there exist e and / in IN 
such that p = + 4/^ = 7 ri 7 r 2 . Put tti = e + 2if and 7 r 2 = e — 2if. Let T-ij (resp. 

T-Lq) be the prime ideal of k above vTj (resp. 1 + i), j G {1, 2}. It is easy to see that 
= (vTj) (resp. "Hq = (1 + i)). Therefore [Hj] G Ams(k/F), for all j G {0,1,2}. 

Keep the notation € 2 pq = x + yy/2pq. In this section, we will determine generators 
of Ams(k/F) and Am(k/F). Let us hrst prove the following result. 

Lemma 4.1. Consider the prime ideals TLj o/k, 0 < j < 2. 

(1) If X FI is a square in M, then | (["Ho]) [^i]) [’^ 2 ])! = 8 . 

( 2 ) Else, [Hi] = [H 2 ] and \{[Ho], [Hi])\ = 4. 

Proof Since Hi = (1+i), Hf = (vr^) and {HoHif = {{l+i)7ri) = ((e =F 2/) + i{e ± 2/)), 
where 1 < ^ < 2 , and since also V2 0 Q{y/2pq), ^el + ( 2 /)^ = ,Jp 0 Q{^/2pq) 
and V(eT 2/)2 + (e± 2/)2 = QiV^), so according to [5l Proposition 

1], Ho, Hi and HqHi are not principal in k. 

(1) If x± I is a square in IN, then p{x + 1), p{x — 1), 2p{x + I) and 2p{x — 1) are 
not squares in M. Moreover {HiH 2 )'^ = (p), hence according to [U Proposition 2], 
H 1 H 2 is not principal in k, and the result derived. 

(2) If X +1 and x — 1 are not squares in IN, then p{x ± 1) or 2p{x ± 1) is a square 

in IN; as {HiH 2 )‘^ = (p), hence according to [5l Proposition 2], H 1 H 2 is principal 
in k. This completes the proof. □ 


Determine now generators of Ams(k/F) and Am(k/F). According to the am¬ 
biguous class number formula (see 0 ), the genus number, [(k/F)* : k], is given 
by: 


|Am(k/F)| = [(k/F)* : k] 


h(F)2‘-i 

[Ep : Ep n A]i^/j;'(k^)] ’ 


( 1 ) 


where h[F) is the class number of F and t is the number of finite and infinite 
primes of F ramified in k/F. Moreover as the class number of F is equal to 1, so 
the formula ([I]) yields that 


|Am(k/F)| = [(k/F)* : k] = 2\ (2) 

where r = rankCZ 2 (k) = t — e — 1 and 2® = [Ep : F^n A^]i 5 /j?(k^)] (see for example 
m ). The relation between |Am(k/F)| and |Ams(k/F)| is given by the following 
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formula (see for example m- 

To continue, we need the following lemma. 


Lemma 4.2. Let p = —q = 1 (mod 4) be different primes, F = Q{i) and Ik = 

Q(^2^,0- 

(1) If p = 1 (mod 8 ), then i is a norm in 'k/F. 

(2) If p = 5 (mod 8 ), then i is not a norm in k/F. 


Proof. Let p be a prime ideal of T = Q{i) snch that p 7 ^ zp, where Zp is the prime 


ideal of F above 2, then the Hilbert symbol yields that 


/ 2pq,i 

V P 


pq,i 


2i = (1 + z)^. Hence, by Hilbert symbol properties and according to 
we get: 

'pq,i 


, since 
p. 205], 


Ifp is not above p and q, then Vp{pq) = 0, thus 
If p lies above p, then Vp{pq) = 1, so 

, indeed 


pq,i 


P 


= 1 . 


= 1 . 


If p lies above q, then Vp{pq) = 1, so 


pq,i 




Q 


= 1 , since q remained inert in 


P 

F/Q. 

So for every prime ideal p € F and by the product formula for the Hilbert symbol, 

'pq,! 


we deduce that 


= 1 , hence: 


(1) If p = 1 (mod 8 ), then z is a norm in k/F. 

(2) If p = 5 (mod 8 ), then z is not a norm in k/F. 


□ 


Proposition 4.3. Let {k/F)* denote the relative genus field of k/F. 

(1) C {k/F)* and [{k/F)* : k^*^] < 2. 

(2) Assume p = 1 (mod 8). 

(i) // X ± 1 is a square in IN, then Am(Ik/Q(z)) = Ams(lk/Q(z)) = 
{[Ho], [Hi], ['H 2 ]). 

(ii) Else, there exist an unambiguous ideal I in Ik/Q(z) of order 2 such 
that Ams(lk/Q(z)) = (['Ho], [Hi]) and Am(lk/Q(z)) = ([Ho], [Hi], [X]). 

(3) Assume p = 5 (mod 8), then neither x + 1 nor x — 1 is a square in IN and 
Am(Ik/Q(z)) = Ams(]k/Q(z)) = ([Ho], [Hi]). 

Proof. (1) As Ik = Q{y/2pq, i), so [Ik^*) : Ik] = 4. Moreover, according to [2X1 
Proposition 2, p. 90], r = rankC/ 2 (Ik) = 3 ifp = 1 (mod 8) and r = rankC/ 2 (Ik) = 
2 if p = 5 (mod 8), so [(k/H)* : k] = 4 or 8. Hence [(k/H)* : k^*)] < 2, and the 
result derived. 
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( 2 ) Assume that p = 1 (mod 8 ), hence i is a norm in Ik/Q(i), thus Formula (j3l) 
yields that 

|Am(k/Q(i))| _ n-x\.^T /p u 

|Am,(k/Q(i))| “ ^ 

J 1 if X ± 1 is a square in IN, 

( 2 if not, 

since in the case where x ± 1 is a square in IN, we have = {i, ■\/ii 2 pq), hence 
[^Q(i) n A]k/Q(i)(Ili'^) : A]k/Q(i)(£^ik)] = [< i >■< ^ >] = 1 , and if not we have 
Ek = {h(- 2 pq), hence [F;Q(i) n A]k/Q(i)) • ^]k/QW(^ik)] = [< * >•< >] = 

On the other hand, as p = 1 (mod 8 ), so according to [211 Proposition 2, p. 
90], r = 3. Therefore |Am(lk/Q(z))| = 2 ^. 

(i) If x±l is a square in IN, then Am 5 (lk/Q(z)) = Am(Ik/Q(i)), hence by Lemma 
Owe get Am(k/Q(i)) = Ams(k/Q(i)) = (["Ho], [’Hi], [^ 2 ])- 

(ii) If X + 1 and x — 1 are not squares in IN, then 

|Am(k/Q(i))| = 2|Ams(k/Q(i))| = 8, 

hence Lemma lO yields that Ams(k/Q(i)) = (['Ho], [Hi]). 

Consequently, there exist an unambiguous ideal X in k/H of order 2 such that 

Am(k/Q(i)) = ([Ho],[Hi],[X]). 

By Chebotarev theorem, X can always be chosen as a prime ideal of k above a 
prime I in Q, which splits completely in k. So we can determine X by using the 
following lemma. 

Lemma 4.4 ([n]). Letpi, p 2 ,...,Pn be distinct primes and for eachj, let Cj = ±1. 
Then there exist infinitely many primes I such that (^) = ej, for all j. 

Let I = 1 (mod 4) be a prime satisfying ~ (f) = 1, then I splits 

completely in k. Let X be a prime ideal of k above h, hence X remained inert in 
IK 2 and = —1. We need to prove that X, HqX, HiX and HqHiX are not 

principal in k. 

• As X remained inert in 1 ^ 2 , so 7 ^ 1, where (^K 2 /ik denotes the Artin 

map of IK 2 over k, similarly, we have ip^^/kiE-iX) / 1 (note that = 1 , since 

p{x ± 1) or 2p(x ± 1) is a square in IN). Therefore X and HiX are not principal in 

k. 

• Let us prove that HqX is not principal in k. For this, we consider the following 
cases: 

(a) Assume (f) = 1, then (f) = -1; thus if = -1, then (pKi/kiE-oX) / 1, 
and if = 1, then / 1. Hence HqX is not principal in k. 
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(b) Assume now (j) = —1, hence (^) = 1. Thus if = 1, then / 

1. If = —1, so we need the following two quadratic extensions of Ik: 

1K4 = Ik(yTT) and IKs = lk(V27ri) = lk(y^7f^), where p = + 16/^ = 

711712 = (e + 4i/)(e — 4z/), since p = 1 (mod 8). Note that K4/]k and Ks/lk 

are unramified (see [1]). As = 1, then = (^^)’ hence the 

quadratic residue symbol implies that 

\hqt) \ TTi ) Uoxy ■ 


Therefore, if = -1 , then <y7K4/k(^o21) / 1, else we have <y7K5/k(^o21) ^ 

1. Thus 'HqT is not principal in k. 


With the same argument, we show that T-LqHiX is not principal in k. 

(3) Assume that p = 5 (mod 8), hence i is not a norm in k/Q(i) and x + 1, 
X — 1 are not squares in IN, for if x± 1 is a square in IN, then the Legendre symbol 
implies that 


1 = 


X ± 1 
P 


x=f1±2 

p 


which is absurd. Thus |Am(k/Q(i))| = 2^ and 


|Am(k/Q(i))| _ ^ fF 11 - 1 

|Am^(k/Q(i))| “ ^ ^k/Q(i)(h j • Aii,/Q(i)(Aii,jJ - 1. 

Hence by Lemma ITT] we get Am(k/Q(i)) = Ams(k/Q(z)) = {[Ho], [Hi]). This 
completes the proof. □ 


5. Capitulation 

In this section, we will determine the classes of CZ 2 (k), the 2-class group of k, 
that capitulate in Kj, for all j G {1,2, 3}. For this we need the following theorem. 

Theorem 5.1 f|10]l. Let K/k he a cyclic extension of prime degree, then the 
number of classes that capitulate in K/k is: [K : k][Ek : Nj^/i,,{Ek)], where Ej. 
and Ek are the unit groups of k and K respectively. 

Theorem 5.2. Let Kj, 1 < j < 3, be the three unramified quadratic extensions 
o/k defined above. 

(1) For j G {1,2} we have 

(i) If X El is a square in IN, then |kKj| = 4. 

(ii) Else |akJ =2. 

(2) Put Cpq = a + by/pq and let Qks denote the unit index ofK^. 

(i) If both of X El and a El are squares in IN, then 

(a) //Qk 3 = 1, then I^Kal = 4. 

(b) //Qk 3 = 2, then IKK3I = 2. 
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(ii) If one of the four numbers x + 1, x — 1, o + l and a — 1 is a square in 
M, and the others are not, then IkksI = 4. 

(iii) //x + 1, X — 1, a + 1 and a — 1 are not squares in M, then = 2. 

Proof (1) According to Proposition 13.11 = {i,ep, or 

{i,ep,y/i^,,/^), so = {i,€ 2 pq). On the other hand, Proposition 

[32] yields that y/i^ 2 pq) or {i, sJTTq, y/i^, y/e^) or 

(i, yjieq, e2p, yfef^^Iffq) or (i, y/icq, e 2 p, yfEffffq), hence = (*) ^ 2 pq)- 

(1) If X ± 1 is a square in M, then Lemma [2.51 yields that = {i, yfie^f). 
Therefore [/lik : Hkj = 2, and Theorem 15.11 implies that [kk^I = 4. 

(ii) Else Elk = {i,e 2 pq), which gives that [Ei, : iVK+ik(-E'Kj)] = 1, and Theorem 
15.11 implies that |kkiI = 2. 

(2) (i) Assume that x ± 1 and a ± 1 are squares in IN, so by Lemma 12.51 we get 

.^Ik ~ (L y/'^^ 2 pq) ■ 

(a) If Qkj = 1, then Proposition 13.31 implies that E^g = {Vi, ^ 2 , y/^m^ ■\/^ 2 pq)-, 
hence iVKa/kC-^Ks) = (*, (- 2 pq), from which we deduce that [E^ : A'Ks/kC-E’Ks)] = 
2, and Theorem 15.11 implies that IacksI = 4. 

(b) If Qks = 2, then Proposition l3.3l imphes that Eks = {Vi, £2, y/^m, \J~V^^p^^), 

thusiVK3/k(^K3) = {i, A/*e2pg), from which we deduce that [Ejk : A'K3/k(-£^iK3)] = 
1, and Theorem 15.11 implies that [acksI = 

(ii) If X ± 1 is a square in IN and a + 1, a — 1 are not, then by Lemma 
E+j we get E]k = {i,yfie 2 Vi). Moreover, Proposition 13.31 implies that Ek 3 = 
{Vi, (^2,epq,y/^), hence iVK3/k(-EK3) = {i,e2pq)- Therefore [Ejk : AK3/k(-E^K3)] = 
2, and Theorem 15.11 implies that IKK3I = 4. 

If a ± 1 is a square in IN and x + 1, x — 1 are not, then by Lemma 12.51 we get 
E]k = {i,e2pq)- Moreover Proposition 13.31 implies that EK3 = {Vi,^2, y/Ipg,^2pq), 
hence A]tc3/k(-£^K3) = {i,4pq)- Therefore [E^ : A'K3/k(T^K3)] = 2, and Theorem[5T] 
implies that | AK31 = 4. 

(iii) Finally, assume that x + 1, x — 1, a + 1 and a — 1 are not squares in 

IN, then by Lemma (2.51 we get E]k = {i,e 2 pq)- Moreover, Proposition 13.31 im- 
plies that EK3 = {Vi,e2,epq, y/e^feffV)^ hence iVK3/k(T^K3) = {i^^ 2 pq)- Therefore 
[Elk : A]K3/k(.£'K3)] = 1) and Theorem 15.11 implies that IKK3I =2. □ 

5.1. Capitulation in Ki. 

Theorem 5.3. Keep the notations and hypotheses previously mentioned. 

(1) If X ±1 is a square in IN, then kki = {[Hi], [’^2])- 

(2) Else KKy = {[Hi]). 

Proof. Let us hrst prove that Hi and H 2 capitulate in Ki. As N{ep) = — 1, then 
+ 4 = t^p, where Cp = 5(5 + ty/p), hence (s — 2i)(s + 2 i) = t'^p. According 
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to the decomposition uniqueness in Z[i], there exist ti and t 2 in Z[i] such that: 


( 1 ) 


S ±2i = tiTTi 

s =F 2i = 


or (2) 


where t = tit 2 - 


S zb 2z = UfTTi 
S =F 2i = —it2TT2, 

• The system (1) implies that 2s = tfvri + t 2 '^ 2 - Put a = ^(tivri + t 2 y/p) and 
(3 = ^(^2712 + tiy/p)- Then a and (3 are in Ki = ]k(^/p) and we have: 


+ tip + 2tit2vri^) 

= -7ri(ti7ri + ti7r2 + 2t^/p), since p = 7ri7r2 and t = tit 2 . 
= -7ri(2s + 2ty/p), since 2s = tivTi + ti7r2. 

= TTiCp, since = ^(s + ty/p). 


The same argument yields that = 712 Cp. 

Consequently, (a^) = (tti) = T-Lf (resp. (/3^) = ( 712 ) = T-L^), hence (a) = "Hi 
and (/3) = ^ 2 - 

• Similarly, system (2) yields that 2s = 7tf7r2 — hence ^2'K\e^ = i(ti(l + 

7)711 +t 2 (l — *)Vp) and Y^27r2ep = ^{ti{l + i)y/p + t 2 {l — 1 ) 112 ) are in Ki. Therefore 
there exist a and (3 in Ki such that 27riep = and 2712Cp = thus (y^) ='Hi 

and ( 1 ^) = 'H 2 - This yields that T-Li and 'H 2 capitulate in Ki. 

On the other hand, by Lemma l4.ll T-Lj, 1 < j < 2, are not principal in k. 

(1) If X zb 1 is a square in IN, then Lemma l4.II yields that ['Hi'H 2 ] 7 ^ 1- Hence 
the result. 

(2) If X + 1 and x — 1 are not squares in M, then Lemma 14.11 yields that 

[Hi] = ['^ 2 ]. This completes the proof. □ 


5.2. Capitulation in 11^2. We need the following two lemmas. 

Lemma 5.4. If N{e 2 p) = 1, then 

(1) p = 1 (mod 8). 

(2) 2p{x — 1) is not a square in M. 

Proof. (1) Put e 2 p = a + I3y/^, then, if N{e 2 p) = 1, Lemma 12.41 yields that 

Oi 3z 1 — Pi, hcncc 1 — (— ( “Tiis'i _ [ 2 '' 

aTl = 2pPl hence 1 - ^ j - ^ 

X - 1 = 2py‘f, 


, so the result. 


(2) If 2p{x — 1) is a square in IN, then 
thus 


x + l = qyi; 



this implies that ( |) = — 1, which contradicts the first assertion (1). 


□ 
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Lemma 5.5. Put Cpq = a + b^/pq. If aPl is a square in¥i, then p= 1 (mod 8). 
Proof. The same argument as in Lemma l5.4lfT]) leads to the result. □ 

Theorem 5.6. Keep the notations and hypotheses previously mentioned. 

(1) If N{€ 2 p) = 1 and x± 1 is a square in IN, then = {[Ho], [111112]) or 
{[Hi], [H2]). 

(2) If N{e 2 p) = 1 and x + 1, x — 1 are not squares in IN, then there exist an 
unambiguous ideal X in k/F of order 2, such that kk 2 = ([T]) or {[HqI]) 
or{[HiI]) or{[HoniI]). 

(3) If N{e 2 p) = -1, then 

(i) If X P 1 is a square in IN, then kk 2 = {[HoHi], ['Fo'F2]) 

(ii) Else, kk 2 = {[HoHi]). 

Proof. Since (vTj) = Pj, j £ {1, 2}, and "Hq = (1 + i), so {2p) = ((1 + i)PiH 2 )^■ 
Moreover, 2p is a square in IC.2, so there exist a £ K2 such that {2p) = (a^), hence 
((1 + i)'HiH 2 )‘^ = («^)) therefore P 1 H 2 = 'Fi'F2 capitulates in 11^2. 

(1) If N{e 2 p) = 1, then by Lemma 15.41 we get p = 1 (mod 8). Moreover, 
according to Lemma HTl if a; ± 1 is a square in IN, then Pi, P 2 and P 1 P 2 are 
not principal in k and, according to the Theorem 15.21 there are four classes that 
capitulate in IK2. The following examples affirm the two cases of capitulation: 


d = 2pq 

X + 1 

'HoC’ks 

W 1 O 1 K 2 

'H2 C’k2 

Wl7t2C’K2 

Cl(k) 

ChK2) 

238 = 2.17.7 

108^ 

[0, 0, 0] 

[4, 0, 0] 

[4, 0, 0] 

[0,0,0] 

(4,2,2) 

(8,2,2) 

782 = 2.17.23 

28^ 

[0, 0, 0] 

[12,0,0] 

[12,0,0] 

[0,0, 0] 

(12,2,2) 

(24,6,2) 

1022 = 2.73.7 


[16,0,0] 

[0, 0, 0] 

[0,0, 0] 

[0, 0, 0] 

(16,2,2) 

(32,8,2) 

1246 = 2.89.7 

21068856^ 

[8, 0, 0] 

[0, 0, 0] 

[0, 0, 0] 

[0,0, 0] 

(8,2,2) 

(16,4,2) 

1358 = 2.97.7 

1732^ 

[0, 0, 0] 

[60,0,0] 

[60, 0, 0] 

[0,0, 0] 

(12,2,2) 

(120,2,2) 


d = 2pq 

X — 1 

"Ho 0*2 

'H 1 OK 2 

7^2 Ok2 

'Hi'H20k2 

Cl[k) 

CliK2) 

374 = 2.17.11 

58^^ 

[0,2] 

[0,0] 

[0,0] 

[0,0] 

(14,2,2) 

(28,4) 

534 = 2.89.3 

1918^ 

[0,0] 

[40, 0] 

[40, 0] 

[0,0] 

(10,2,2) 

(80, 2) 

1398 = 2.233.3 

2206^ 

[0,0] 

[40, 0] 

[40, 0] 

[0,0] 

(10,2,2) 

(80, 2) 

2118 = 2.353.3 

46^ 

[60,12] 

[0,0] 

[0,0] 

[0,0] 

(30,2,2) 

(120,24) 

2694 = 2.449.3 

2095718^ 

[0, 6, 0] 

[0, 0, 0] 

[0, 0, 0] 

[0, 0, 0] 

(30,2,2) 

(60,12,3) 


(2) If N{e 2 p) = 1 and x + 1, x — 1 are not squares in IN, then we are in the 
assumptions of the Proposition 14.31 since N{e 2 p) = 1 yields that p = 1 (mod 8). 
Moreover, Lemma [T5] implies that = {i,e 2 pq). 

(i) Assume 2p{x + 1) is a square in M, hence, according to the Proposition 
13.21 we have Fkj = {i, ■\/H 2 p, and, according to the Theorem 15.21 

there are two classes that capitulate in K2. So to prove the result, it suffices to 
show that "Ho, Pi and PqPi do not capitulate in 1^2. If Pq (resp. Pi, PqPi) 
capitulates in 1K2, then there exist a £ 1^2 such that Pq = (a) (resp. Pi = (a), 
PqPi = (a)), hence (a^) = (1 + i) (resp. (a^) = (tti), (a^) = ((1 + i)vri)). 
Consequently, (1 + i)e = (resp. o? = ttic, = (1 + i)Tiie) with some unit 
































ON THE STRONGLY AMBIGUOUS... 


13 


e € K2; note that e can be taken as follows e = ^\/'i^ 2 pq^, where a, 

b, c and d are in {0,1}. 

At hrst, let us show that the unit e is neither real nor purely imaginary. In 
fact, if it is real (same proof if it is purely imaginary), then putting a = ai + ia 2 , 
where Uj G we get: 


a. If (I + i)e = a^, then af — + 2iaia2 = e(l + i), hence 


Ofi — Oo — 6, 


2q;iq; 2 — e, 

thus of — 2a2ai — q:| = 0; therefore ai = 0:2(1 ± \/2), and \/2 G (for the 
case o^ = TTie, we get y/p G K^), which is absurd. 

af -a| = e(e-4/), 


b. If (l+i)7rie = o^, then of—03+210102 = e(l+i)7ri, hence 


2 oi 02 = e(e + 4/), 


where p = + 16/^, since p = I (mod 8). Thus 

4oi — 4e(e — 4/)oi — e^(e + 4/)^ = 0, 

from which we deduce that of = | [(e — 4/) ± \/2p] • As oi G so putting 

oi = a + hy/2p, where a, b are in Q{y/q), we get the following unsolvable 
equation (in Q{y/q)): 


16a^ - 8e(e - 4/)a2 + 2pe‘^ = 0, 


since its reduced discriminant is A' = — 16e^(e + 4/)^ < 0. 

To this end, as (1 + z)e = o? (same proof for the other cases), then applying the 
norm we get that (1 + i)^A]K2/ik(e) = ^K2/ik(«)^> with e = 

{h ^ 2 pq)- Without loss of generality, one can take AK2/ik(e) G {±1, ±i, ±e2pg, ±+2p(j} 

• As AK2/ik(e) is a square in £’1,, so AK2/ik(f^) 0 {±i, ±e2pq, ±ie2pq}. 

• If £K2/ik(e) = Al) then there exist o, 6, c and d in {0,1} such that e = 

and AK2/ik(e) = hence, = ±1; 

so necessarily we must have b = c and d = 0. Therefore e = , 

which contradicts the fact that e is not real or purely imaginary. 

The following examples clarify this: the first table gives examples of the ideals X, 
"Ho and "Hi which are not principal in k, and gives the structures of the class groups 
of k and 1^2 respectively; whereas the second table gives the cases of capitulation 
of these ideals in 1^2. 


d — 2pq 

2p{x + 1) 

X 

X^ 

Ho 

-Hi 

Ci(k) 

Ci(IK2) 

582 = 2.97.3 

194^ 

[0.1,1] 

[0,0,0] 

[4. 1. 1] 

[4.0, 0] 

(8,2,2) 

(80.4. 2) 

646 ^ 2.17.19 

102"’ 

[4. 0. 0] 

[0,0,0] 

[0,0,1] 

[4.2, 0] 

(8,4,2) 

(8, 8, 2, 2) 

2822 ^ 2.17.83 

SSO’" 

[12, 1,0] 

[0,0,0] 

[0,0,1] 

[12,0,0] 

(24, 2, 2) 

(48.12, 2) 

5654 ^ 2.257.11 

178358"’ 

[28,1,0] 

[0,0,0] 

[0,0,1] 

[28,0,0] 

(56.2,2) 

(224, 8, 4) 

8854 = 2.233.19 

9786"’ 

[0.0.1] 

[0,0,0] 

[60,0, 1] 

[60,0,0] 

(120,2,2) 

(120, 8, 2. 2) 

10806 = 2.1801.3 

258569570” 

[0,1,1] 

[0,0,0] 

[24, 1,0] 

[24,0,0] 

(48, 2, 2) 

(48,48,6,2) 


d = 2pq 

Wo Ok, 

WiOk, 

HoHlOKr> 

^Oko 

WiIOk, 

WoIOk, 

WoWiIOk, 

582 = 2.97.3 


0,2,0J 


40,2,0] 


40,0,0] 


40,2,0] 


0,0,0] 


40,0,0] 


0.2.0] 

646 ^ 2.17.19 


0 . 4 , 1 , 1 ] 


4,4,1,1] 


4, 0,0,0] 


0,0, 0,0] 


0,0,1,11 


4,0, 1, 1] 


0,4,0,01 

2822 ^ 2.17.83 


0,6,0 



24,6,0] 


24, 0, 0] 


0, 6, 0] 


24, 0, 0] 


0, 0. 0] 


24,6,0] 

5654 ^ 2.257.11 


0 , 4,0 



112, 0, 0 



112,4,0] 


112,0,0] 


0,0,0] 


112, 4, 0] 


0.4.0] 

8854 ^ 2.233.19 


60,4, 

1,1] 


0 . 4 . 0,0 



60,0,1,1] 


60,0,1,1] 


60,4, 1, 1] 


0.4. 0,0] 


0.0. 0,0] 
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d = 2pq 


WiOk, 

RoWiOk, 

XOk, 

UiXOk^ 


WoWiIOk, 

10806 - 2.1801.3 

[24. 24i0, 1] 

[24, 24 ! 0,0] 

[0,0,0, 1] 

[0,0, 0,0] 

[24. 24, 0. 0] 

[24, 24. 0. 1 

[0.0.0, 1] 


(ii) Assume p{x zh 1) is a square in M, hence, according to the Proposition 13.21 
we have = (i, y/^ 2 pq)- Thus proceeding as in the case (i) we 

prove that I-Lq and 'Hq'Hi do not capitulate in IC2. The following examples 
illustrate these results. 

(a) First case: p{x + 1) is a square in IN. The hrst table gives examples of the 
ideals I, T-Lq and "Hi which are not principal in k, and gives the structures of the 
class groups of k and 1K2 respectively; whereas the second table gives the cases of 
capitulation of these ideals in K2. 


d = 2pq 

p{x + 1) 

X 

X^ 

Wo 

Hi 

Ci(Ik) 

Ci(K2) 

3358 = 2.73.23 

217248^ 

[4. 0. 0] 

[0,0,0] 

[0,2,1] 

[0.2,0] 

(8,4,2) 

(96,8.2,2) 

3502 = 2.17.103 

447916"’ 

[2.2.0] 

[0,0,0] 

[2,0,1] 

[0.2,0] 

(4,4,2) 

(20.4. 2. 2. 2) 

6014 ^ 2.97.31 

388"’ 

[12,0,0] 

[0,0,0] 

[0,4,1] 

[12,4,0] 

(24. 8, 2) 

(240, 24, 2, 2) 

9118 ^ 2.97.47 

11181384"’ 

[4. 0, 0] 

[0,0,0] 

[4,0,1] 

[0,2, 0] 

(8,4,2) 

(20, 20, 4. 2. 2] 


d — 2pq 

^oC7k9 

WiOk, 

WoWiOk, 

XOk, 

WiIOk, 

WoIOk, 

WoWiIOk 

3358 - 
2.73.23 

[48,4,0,0] 

[48,0,0,0] 

[0,4, 0,0] 

[0,4, 0,0] 

[48,4,0,0] 

[48,0,0,0] 

[0,0, 0,0] 

3502 ^ 

2.17.103 

[0,0,1,0,0] 

[0.2, 0,0,0] 

[0,2, 1,0,0 

[0,2, 0,0,0] 

[0.0, 0,0,0] 

[0.2,1,0,0] 

[0,0, 1,0,0 

6014 = 
2.97.31 

[120,12,0,0] 

[120,0,0,0] 

[0, 12,0,0] 

[120,12, 0, 0 

1 [0,12,0,0] 

[0,0, 0,0] 

[120,0,0,0 

9118 ^ 

2.97.47 

[10, 10.2, 1,C 

] [10, 10,2,0,0 

1 [0,0,0, 1,0 

[0,0, 0,0,0] 

[10, 10,2,0,0 

[10, 10,2, 1,( 

] [0,0,0, 1,0 


(b) Second case: p{x — 1) is a square in IN. The first table gives examples of the 
ideals X, Hq and Hi which are not principal in k, and gives the structures of the 
class groups of k and K2 respectively; whereas the second table gives the cases of 
capitulation of these ideals in K2. 


d = 2pq 

p{x - 1) 

X 

X^ 

Wo 

Hi 

Ci(Ik) 

Ci(K2) 

438 = 2.73.3 

21316 


0, 1, 1 



0,0,0 



2, 1, 1 



2,0, 0 


(4, 2, 2) 

(32, 2, 2, 2) 

2022 ^ 2.337.3 

454276 


6, 1,0 



0,0,0 



0,0, 1 



6,0,0 


(12, 2, 2) 

(48, 24, 2) 

2598 = 2.433.3 

749956 


6, 1, 1 



0.0.0 



0, 1, 1 



6,0, 0 


(12, 2, 2) 

(132,4,4) 

5622 = 2.937.3 

3511876 


0. 2. 1 



0,0,0 



0.0. 1 



8,2.0 


(16,4,2) 

(224, 8, 4) 


d — 2pq 

XLoOKy, 

WiOk2 

XLq'HiOk'p^ 

IOk, 

WiXOk, 

WoXOk, 

WoWiIOk 

438 = 2.73.3 


16,1, 1. IJ 


0,1,1, IJ 


16.0.0.0J 


0,1, 1, 1 



0,0,0.0J 


16,0,0,0 


16, 1. 1. IJ 

2022 = 2.337.3 


24, 12, 0] 


0,12,0] 


24, 0, 0 



24, 12, 0 



24,0,0] 


0,0,0 



0 , 12 . 0 ] 

2598 = 2.433.3 


66,2,0] 


0.2,2] 


66,0,2 



66 , 0 , 2 ] 


66,2,0] 


0,2,2 



0,0,0 


5622 = 2.937.3 


112, 4, 0] 


112,0,0] 


0.4,0] 


0,0,0] 


[112,0,0] 


112. 4. OJ 


0,4,0 



(3) Suppose that N{e2p) = —1. Prove that 'Hq'Hi and 'H0H2 capitulate in K.2. 
Put e 2 p = a + 5\/2p, then + 1 = 2b‘^p, hence by the decomposition uniqueness 
in Z[i] there exist hi and 62 in such that: 


J a ± z =b\{\ + z)7ri, 
\ a =F * = ^2(1 “ 


a ± z 

a =F * 


= z(l + i)h\-Ki, 

= -z(l - z)5^7r2, 


with h 


6162- 


Consequently = ^(6i(l + i)-s/ (1 ± z)7ri + 62(1 - z)-^(l =F hence (1 ± 

i)'^i(- 2 p and (1 T ^)7r2e2p are squares in IK 2 . Thus (a^) = ((1 ± z)vri) and (/3^) = 
((1 z)7r2), with some a, (5 in K 2 . Therefore T-LiyHi = (a) and 'H 0 H 2 = (/?) i-e. 
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T-LqT-Li and 'H 0 H 2 capitulate in K 2 . 

(i) If x =b 1 is a square in IN, then Lemma [4.11 yields that 'H 1 H 2 , 'Ho'Hi and 
'Ho 7 i 2 are not principal in k, hence the result. 

(ii) If x+ and x — 1 are not squares in IN, then Lemma [4.11 yields that [HqHi\ = 

hence the result. □ 

5.3. Capitulation in ^ 3 . Let IK 3 = k(\/2) = Q{\/2, and put Cpg = a + 

^ 2 pq = X + yy/2pq. Let Qks denote the unit index of K 3 . 

Theorem 5.7. Keep the notations and hypotheses previously mentioned. 

(1) If both of X hi and a ± 1 are squares in M, then 

(a) IfQwa = 2 , then KK 3 = {[Ho])- 

(b) //Qk 3 = 1, then kks = {[Ho], [HiH 2 ]). 

(2) Ifxhl is a square m IN anda + 1, a—1 are not, then = {[Ho],[HiH 2 ])■ 

(3) // a ± 1 is a square in IN and x + 1, x — 1 are not, then there exist an 
unambiguous ideal I in k/Q(i) of order 2 such that = ([’Ho]) [I]) or 
{[Ho],[HiZ]). 

(4) //X + 1 , X — 1 , a + 1 and a — 1 are note squares in IN, then = ([’Ho])- 

Proof. As N{e 2 ) = —1, then ^/{l + i)e 2 = ^(2 + (1 + i)\/2). Hence there exist 
/3 £ Ks such that Hq = (1 + z) = (/3^), therefore Ho capitulates in IKs. 

(1) Assume x ± 1 and a ± 1 are squares in IN. 

(a) If Qicg = 2 , then by the Theorem 15.21 IkksI = 2, hence kks = ([’Ho])- 

(b) If Qks = 1) then by the Theorem 15.21 IkksI = 4. Since a ± 1 is a square in 
IN, so the Lemma 15.51 yields that p = 1 (mod 8 ). Therefore the Proposition 14.31 
implies that 

Am(k/Q(z)) = Am^(k/Q(z)) = {[Ho], [Hi], [H 2 ])- 

Proceeding as in the proof of Theorem 15.611^ . we show that Hi and H 2 do not 
capitulate in 1 K. 3 . On the other hand, as iKjCgl = 4 an d KK 3 C Am(k/Q(z)), so 
necessarily H 1 H 2 capitulate in 1 ^ 3 . Finally, Lemma l4T] yields that H 1 H 2 , Ho and 
H 0 H 1 H 2 are not principal in k. Thus the result. 

( 2 ) Assume x ± 1 is a square in IN and a + 1, a — 1 are not. As Ho capitulates 
in IK .3 and IKK 3 I = 4 (Theorem 15.2p . it suffic es t o prove that H 1 H 2 capitulates in 
IK 3 . According to the proof of Proposition 13.31 we have pcpg is a square in Ko; 
hence there exist a in Ks such that (p) = {oP‘), so H 1 H 2 = (a)- Thus the result. 

(3) If o ± 1 is a square in M and x + 1, x — 1 are not, then Lemma 15.51 implies 
that p = 1 (mod 8 ); hence we are in the hypotheses of the Proposition 14.31 On 
the other hand, from the Lemma 0 we get [Hi] = [H 2 ]- Therefore, proceeding 
as in the proof of Theorem 15.61 we show that Hi does not capitulate in 1 K 3 . The 
following examples clarify the two cases of capitulation: 


d = 2 pq 

'H 0 OK 3 

HiOks 

IOks 


Ci(k) 

CI{K2) 

582 = 2.97.3 

[0,0,0] 

[8,2,0] 

[0,0,0] 

[8,2,0] 

(8,2,2) 

(16,4,2) 

2006 = 2.17.59 

[0,0,0] 

[24,0,0] 

[24,0,0] 

[0,0,0] 

(24,2,2) 

(48,4,2) 

2454 = 2.409.3 

[0,0,0] 

[16,0,0] 

[16,0,0] 

[0,0,0] 

(16,2,2) 

(32,4,2) 

2742 = 2.457.3 

[0,0,0] 

[48,2,0] 

[0,0,0] 

[48,2,0] 

(16,2,2) 

(96,4,2) 
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(4) Suppose that x + 1, x — 1, a + 1 and a — 1 are not squares in W, then 
l/tKgl = 2 (Theorem 15.2j) . Thus aks = ([^o])- C 

From theorems I5..SI 15.61 and 15.71 we deduce the following theorem. 

Theorem 5.8. Let Ik = Q{^/2pq, i), where p = —q = 1 (mod 4) are different 
primes, and its genus field. Put € 2 pq = x + yy/2pq and €pq = a + b^/pq. 

(1) If X ±1 is a square in IN, then (['Ho]; [^ 2 ]) ^ ■ 

(2) // X + 1 and x — 1 are not squares in IN, then 

(a) IfN{e 2 p) = 1 ora±l is a square in IN, then there exists an unambiguous 
ideal I in Ik/Q(i) of order 2 such that: (['HoJj [T]) C 

(b) Else 

Theorem 15.81 implies the following corollary: 

Corollary 5.9. Let Ik = Q{^/2pq,i), where p = —q = 1 (mod 4) are different 
primes. Let he the genus field of k and Ams(k/Q(i)) be the group of the 
strongly ambiguous class o/k/Q(i), then Ams(k/Q(i)) C 


6. Application 

Let p = —q = 1 (mod 4) be different primes such that p = 1 (mod 8 ), q = 3 
(mods) and = —1. Hence, according to [3], CZ 2 (k) is of type (2,2,2). 

Therefore, under these assumptions, C/ 2 (k) = Ams(k/Q(i)) = (["Ho]; [’^ 1 ]) [^ 2 ]) 
(see 0). To continue we need the following result. 

Lemma 6.1. Let e 2 pq = x + yy/2pq {resp. Cpq = a + by/pq) denote the fundamental 
unit of Q{^f2pq) {resp. Q{y/pq))- Then 

(1) X — 1 is a square in IN. 

(2) a — 1 is a square in IN. 


Proof. (1) By Lemma 12.21 and according to the decomposition uniqueness in Z, 
there are six cases to discus: x ± 1 or p{x ± 1) or 2p{x ± 1) is a square in IN. 


a. If X + 1 is a square in IN, then 


X + 1 = 2/f, 

X - 1 = 2pqy^, 


b. 


hence 1 = ~ 

- 1 . 

If p{x ± 1) is a square in IN, then 

_ / xiIi1=f2 \ 
p J \ p J 


hence (— 

V P 



^Ij, which contradicts the fact that = 

f x± 1 =pyl, 

\ x=F 1 = 2qy^, 

= thus = 1. Which is false, since 
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c. If 2p{x + 1) is a square in IN, then 

(?) = ("f) = 


( x + l =pyl, 

\ x-l = 2qyl, 

= (I ], which leads to the contradiction 


2 

p 


= 1 . 


d. If 2p{x 


1) is a square in IN, then 


x-l =pyl, 
X + 1 = 2qyl, 


hence (^ 2 ^ = = (f) = 1 , which is false. 

Consequently, the only case which is possible is: x — 1 is a square in IN. 

(2) Proceeding similarly, we show that a — 1 is a square in IN. 


□ 


Theorem 6.2. Let k = Q(-^2pg, i), where p = —q = 1 (mod 4) are different 
primes satisfying the conditions p = 1 (mod 8 ), q = 3 (mod 8 ) and = —1. 

Put Ki = h{y/p), K 2 = ^{^/q) and IK 3 = ]k(\/2). Let denote the absolute 
genus field o/k and (k/Q(i))* its relative genus field overQ{i). 

( 1 ) k(*) ^ (k/Q(i))*. 

( 2 ) KKi = {[Hi], [H2])- 

(3) Denote by € 2 p the fundamental unit ofQ{^/2p), so: 

(a) If N{e 2 p) = 1, then kkz = ([^ 1 ], [H 2 ]) or {[Hq], [H 1 H 2 ]). 

(b) Else, = ([iI^o^i],[^o^ 2 ]) 

(4) Denote by the unit index 0 /K 3 , so: 

(a) If Qks = then kks = ([’Ho], [HiH 2 ])- 

(b) IfQws = 2, then KK 3 = {[Hq]) 

(5) K^(*) = Amsfk/Qii)) = Chfk). 

Proof. (1) From Lemma l 6 .ll we have x — 1 is a square in IN. Then Proposition 
14.31 yields the first assertion. 

(2) From Lemma [ 6 .11 we have x — 1 is a square in IN. Then Theorem 15.31 1) yields 
the second assertion. 

(3) From Lemma l 6 .ll we have x — 1 is a square in IN. Therefore 

(a) If N{e 2 p) = 1, then Theorem 15.bf l) yields the result. 

(b) If N{e 2 p) = —1, then Theorem 15.61 3) yields the result. 

(4) As X — 1 and a — 1 are squares in IN ILemma lG.ljl . so Theorem 15.71 1) yields 
the result. 

(5) Asp= 1 (mod 8). so from Proposition l4.3l we get AmAk/0(i)) = {[Hq],[Hi],[H 2 ])■ 
Hence Am 5 (k/Q(z)) = C/ 2 (k). The assertions (2), (3) and (4) imply that 

= Ams(k/Q(z)) = 0^2 (k). 

□ 
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